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Stochastic approximation

Problem: function g : Rn → Rn

I estimate θ∗ such that g(θ∗) = 0

I g is unknown, but we observe random G(θ) s.t. E
[
G(θ)

]
= g(θ)

In this talk: g = ∇f for convex function f

g(θ∗) = 0 ⇔ f(θ∗) = min
θ
f(θ)

Example: maximum likelihood estimation

f(θ) =
1

n

n∑
i=1

`(xi | θ)
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Robbins-Monro algorithm (1951)

Iterative estimation procedure (θn):

θn = θn−1 − γnG(θn−1)

This is stochastic gradient descent!

If
∑
γn =∞ and

∑
γ2n <∞:

I E
(
‖θn − θ∗‖

)
→ 0

I asymptotic normality

For γn = γ1
n , µ-strictly convex f , if µγ1 > 2:

E
(
‖θn − θ∗‖2

)
≤ C1

n
+
C2 · exp(γ21)‖θ0 − θ∗‖2

n2

⇒ numerical instability!
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Our procedure

Iterative procedure (θn):

θn = θn−1 − γnG(θ+n )
where θ+n = θn−1 − γng(θ+n )

Idealized implicit procedure

θ+n = argmin
θ

{
γnf(θ) +

1

2
‖θ − θn−1‖2

}
= proxγnf (θn−1)

Robbins-Monro + proximal updates = “stochastic proximal updates”
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The best of both worlds

If
∑
γn =∞ and

∑
γ2n <∞:

I E
(
‖θn − θ∗‖

)
→ 0

I asymptotic normality

For γn = γ1
n and strictly convex f :

E
(
‖θn − θ∗‖2

)
≤ C1 · ‖θ0 − θ∗‖2 + C2 · γ1

n

⇒ initial error is not amplified by γ1!
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Approximate instantiations

I Nested procedure:
θn = θn−1 − γnG(θ′n)

θ′n approximates θ+n = proxγnf (θn−1) using RM algorithm:

x0 = θn−1

xk = xk−1 − ak
(
γnG(xk) + xk − θn−1

)
θ′n = xK

We analyze the convergence rate of this procedure!

I Implicit SGD [Bertsekas 2011, Toulis & Airoldi 2017]:

θn = θn−1 − γnG(θn)

θn is an unbiased estimator of θ+n = proxγnf (θn−1)
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Numerical evaluation

Quantile estimation:
I distribution with CDF F , estimate θ∗α such that F (θ∗α) = α
I g(θ) = F (θ)− α
I observations: G(θ) = I[Z ≤ θ]− α where Z ∼ F
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