Submitted to the Annals of Statistics
arXiv: arXiv:1408.2923
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1. R code. All experiments were run using the R package sgd, which
implements explicit SGD and implicit SGD defined in Egs. (1) and (4) of the
main paper (Toulis and Airoldi, 2016). The package is published at CRAN
here http://cran.r-project.org/web/packages/sgd/index.html.

2. Useful lemmas. For convenience we restate here the assumptions
underlying the technical results of the main paper.

ASSUMPTION 2.1. The explicit SGD procedure in Eq. (1) and the implicit
SGD procedure in Eq. (4), both defined in the main paper, operate under a combi-
nation of the following assumptions.

(a) The learning rate sequence {7y, } is defined as v, = yin~7, where y1 > 0 is the
learning parameter, and v € (0.5,1].

(b) For the log-likelihood log f(Y; X, 0) there exists function £ such thatlog f(Y; X,0) =
U(XT0;Y), which depends on 0 only through the natural parameter X70.

(¢) Function € is concave, twice differentiable almost surely wrt natural parameter
X760 and Lipschitz with constant Ly wrt 6.

(d) For observed Fisher information matriz I,(0) = —V2((X]6;Y,) there exists

constant F' > 0 such that trace(Z,,(0)) < I almost surely, for all 0. The Fisher
information matriz Z(0,) = E (Z,(0,)) has minimum eigenvalue Ar >0 and

mazimum eigenvalue Xy < oo. Typical reqularity conditions hold (Lehmann and
Casella, 1998, Theorem 5.1, p.463).

(e) Every condition matriz C,, is a fized positive-definite matriz, such that C,, =
C+O0(vn), where ||C|| = 1, C = 0 and symmetric, and C commutes with Z(6,).

For every C,, mineig(Cy) = A\ > 0, and maxeig(C,) = . < 00.

(f) Let Ep = E (Vlog f(Yn; X, 04)V1og f(Yn; Xn, 0.)7 | Fa), then [|2n, — E|| =
O(1) for all n, and ||E, — E|| — 0, for a symmetric positive-definite . Let
07 o = E (e, 01225/ [[En(0)][?), then for all s > 0, 327" o7, = o(n) if
vy =1, and 0} , = o(1) otherwise.


http://www.imstat.org/aos/
http://arxiv.org/abs/arXiv:1408.2923
http://cran.r-project.org/web/packages/sgd/index.html

Next, we prove lemmas on recursions that will be useful for subsequent
analysis. All results are stated under a combination of Assumptions 2.1.

LeEMMA 2.1.  Consider a sequence b, such that b, | 0 and Z?i1 b; = oo.
Then, there exists a positive constant K > 0, such that

n

1) [y < ew-K> 0.
i=1 v

=1

ProoOF. The function zlog(1+1/x) is increasing-concave in (0, 00). From
by, J 0 it follows that log(1 + b,)/b, is non-increasing. Consider the value
K = log(1 + b1)/b1. Then, log(1 4 b1)/b1 > log(1 + b,)/b, implies that
(1 +b,)~' < exp(—Kby,). Successive applications of this inequality yields
Ineq. (1). O

LEMMA 2.2.  Consider sequences a, | 0,b, | 0, and ¢, | 0 such that,
an = 0(bn), Yoy a; = A < 00, and there is 0’ such that ¢, /b, < 1 for all
n > n'. Define,

(2) Op = i(an_l/bn_l — an/by) and ¢, = n_dn-1

Gnp, bn— 1 Qn

i

and suppose that 6, 1. 0 and (, | 0.
Consider a positive sequence yy, > 0 that satisfies the following recursive
mnequality,

1+e¢,
1+,

(3) Yn < Yn—1 + An.

Then, for every n > 0, there exist constants Ko, ng such that

a
(4) Yn < Kobi + Q1Yo + Qny1(1+c1)™ A,
n

where QF = [ (1 + ) /(1 + b;), with QF =1 if n < i, by definition.

PROOF. Pick a positive ng such that 6, +¢(, < 1 and (1+c¢,)/(1+by) < 1,
for all n > ng. Also, define Ko = (1+ b1)(1 — 6y — Cny) ™. We consider two
separate cases, namely, n < ng and n > ng, and then we will combine the
respective bounds.

Analysis for n < ng. We first find a crude bound for @7, ;. It holds,

(5) Qi1 < (T4 i) (L4 ciga) - (T+cn) < (T4 ¢1)™,
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since ¢1 > ¢y, (¢ | 0 by definition) and there are no more than ng terms in
the product. From Ineq. (3) we get

n
yn < QTyo + Z Q?Hai [by expanding recursive Ineq. (3)]
=1

n
<QVyo+ (1+4c¢)™ Z a; [using Ineq. (5)]

i=1
(6) < Qtyo+ (14c1)A.

This inequality also holds for n = ny.
Analysis for n > ng. In this case, we have for all n > ny,

(I+b1)(1 =06, — Cn)_l < Ko [by definition of no, Ko
Ko(6p + Cu) + 1+ b1 < Ko
Ko(0n +Cn) + 14+ b, < Ko [because by, < by, since by, | 0]

1 n— n 1 nn—
7KO(CL I i) + —K()C n—1 +14b, < Ky [by definition of 6, Cn)
1 n n— n
an(1+ by) < Koan — o L Cn)an-1 _ an
bn—l bn
n ]- mn n—
(7) an < Ko(§2 — oo

bn B 1+bnbn—1 '

Now combine Ineq. (7) and Ineq. (3) to obtain

ap—1
n— Ko—) < n—1 — K .
(8) (v 07—) < 150, (Yn—1 Obnq)

Define s, = yn — Koan/b,. Then, from Ineq. (8), s, < %igz Sn—1, where
1+cn

o < 1 since n > ng. Let n; be the smallest integer such that n; > ng and
Spy < 0. If ny does not exist then s, are all positive, and thus y, < Koay, /by,
which satisfies Ineq. (3), for all n > ng. If ny exists then for all n > nq, it
follows s,, < 0, and thus y,, < Koay /by, for alln > ny. Forng <n < np all s,
are positive. Using Ineq. (8), we have s, < (H?:m)_H %)Sno = Q1 15n05
and thus

Qn
bn

a
Un < Kot + QRosatng  [because s < yi]
n

yn — Ko < Q20+15n0 [by definition of sn)

an, n n n,
(9) UYp < Kobf + QTyo + QnOJrl(l +c1)" A, [by Ineq. (6) on yn,)

n
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Combining this result with Ineq. (6) and Ineq. (9), we obtain

a
(10) Yn < Kobi + Q1Yo + Qo1 (1 +c1)™ A,

n
since Q' = 1 for n < i, by definition. O

COROLLARY 2.1. In Lemma 2.2 assume a, = ain” ¢ and b, = blnfﬁ,
and c, = 0, where a > 3, and a1,b1,8 > 0 and o > 1. Then, there exists
ng > 0 such that for all n > ng,

ai(1+b1)

11) 4, <2
(11) yn < b

n~%F 4 exp(—log(1 + b1)gg(n))[yo + (1 + b1)™0 A],

where A =) . a; < 00, and ¢g is defined as in Theorem (2.1) of the main
paper; i.e., ¢pg(n) = n'=B if B € (0.5,1), and ¢p(n) =logn if B = 1.

PRrROOF. For every n > 2 and v € (0.5,1] it is easy to show through
induction that

(12) (n—1)"7—n"7 <2077,

n

(13) D i > ¢y (n).

1=1
By definition of d,, and Ineq. (12),

1 apn_1 ap 1 a _ _ 2 _
14) §, = —(Sn=t _ Ony N ((n—1)"0FB _ pmotB) < 2148,
(14) o an(bn—l bn ain~® by ((n=1) " = b1n

Also, ¢, = 0 since ¢, = 0. For the rest of the proof we will suppose that
Ineq. (14) holds for every n since for n = 1 we can simply define ¢; < 1/2.

Next, we take ng = [(4/b1) (=] so that 8, < 1/2 and 6, + ¢, < 1
for all n > ng. Therefore, Ko = (1 + b1)(1 — 6,y)~ " < 2(1 + by); define
Ko = 2(1 + b1). Since ¢, = 0, it follows Q} = H?:i(l + b;)~L. Thus, for a
lower bound,

(15) QY > (1+0b1)"",

and for an upper bound,

Q7 < exp(—log(l+b1)/bs Z bi), [by Lemma 2.1]
=1

(16) Q? < exp(— log(l + bl)(ﬁg(n)). [by Ineq. (13)]
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Lemma 2.2, Ineq. (15) and Ineq. (16) imply that

Yn < KO + QTyo + Qno-l—l( +¢1)" A [by Lemma 2.2

bn
140
< 2a1(bl)na+’8 + QVyo+ (L +b1)"™A]  [by Ineg. (15), c1 = 0]
1
1+ —a n
(7)< 20N s e tom(1 4 b)) + (14 b0 Al
1
where the last inequality follows from Ineq. (16). O

LEMMA 2.3.  Suppose Assumptions 2.1(b), (c), and (d) hold. Then, al-
most surely it holds

1
1+ YA
(19) 105" — Op2 4 |* < 4L§z,

where \,, is defined in Theorem (3.1), and 0i™ is the n-th iterate of implicit
SGD, defined by Eq. (4) in the main paper.

PROOF. For the first part, from Theorem (3.1) we have

(20) C(XTOMY,) = Al (XTOM™ 10 Y5,

n'n
where the derivative of the log-likelihood ¢ is with respect to the natural
parameter XT6. Using definition in Eq. (4),
(21) O = 0 | + Al (X0 15 Y, ) Cn X

We use this definition of #™ into Eq.(20) and perform a Taylor approxima-
tion on ¢’ to obtain

(22)  C(XIO™Y,) = (XI0™ 5 Y,) + Oyl (XT0™ 1 Y,) XTCL X,

n’n

where £ = ("(X]0M | + (1 — 0)X10™;Y,) = ¢(X}0;Y,), and & € [0,1].
By combining Eq. (20) with Eq. (22) and cancelling out the first derivative
term we get

An =14+ "\ XTCL X,

A1+ g//’)/n)\n)a |Xn’|2 [by Assumption 2.1(e) and £ < 0]

A (1= 1Al X0 ?) 21

( + ’yn)\ trace(Z (9))) An=>1 [where T is the observed Fisher information]

(14 ’yn/\(;F)/\n21 [by Assumption 2.1(d)].
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For the second part, since the log-likelihood is differentiable (Assumption
2.1(b)) we can rewrite the definition of implicit SGD in Eq. (4) (in the main

paper) as

. 1 )
O, = arg maX{T,Y 16 — 0521 |I* + £(XT6; Ya) }-
n
Therefore, setting § = 6™ | in the above equation yields

n’n

6 = I+ XIS Y2) = (X6 15,

1057 — On24|* < 29 (LXTOR Ya) — E(XTO2 13 V)

n’'mn
Hej{n — 0221”2 < 2’ynL0H9;1m — 0;1“11H [By Assumption 2.1(c)]

105" = x4 || < 2Lovn
105" — 0024 |* < 4Lz,

Finite-sample analysis.

THEOREM 2.1. Let 6, = E (||0i™ — 6,]|?). Suppose that Assumptions
2.1(a),(b),(c), (d), and (e) hold. Then, there exist constants ng > 0 and
k=14 271uﬁﬁ for some p € (0,1] such that,

—2
< 4L(2))\C V1K

n < e n~ 7 +exp (—logk - ¢,(n)) [0 + fs;"ol“2],

where T? = 4L%)\702 SN2 < 00, and ¢ (n) = nt77 if v < 1, and ¢ (n) =
logn if v =1.

PROOF. Starting from the procedure defined by Eq. (4) in the main paper,
we have

om _ g, zeim — 0y + 7, CrV log f (Yr; X, 6)
gm g, = — 0y + M CnV log f(Yn; X, 0™ ) [By Theorem (3.1)]
|63 — 0.7 =|I9 A
+ 29 M (0, — 0,)TC, V log f (Vs X, 6 )
(23) +vn||0nv1ogf<Yn;Xn,9;;“)\?-



PROPERTIES OF ESTIMATORS BASED ON STOCHASTIC GRADIENTS 7

The last term can be simply bounded since V log f(Yy; X, i) = gim —92“11
by definition; thus,

(24) |GV 1og f(Yu; X, 62)[12 < Xo |62 — 612 1|12 < AL2NA2,

which holds almost surely by Lemma 2.3-Eq.(19). For the second term we
can bound its expectation as

E(2'Yn)‘n( — 04 )TC VIng(Yn’Xm n— 1))
(25)
2’yn)\f)\

-0 |2 [by strong convezity, Assumption 2.1(d), Lemma 2.5]
1+ e FH .

Taking expectations in Eq. (23) and substituting Inegs. (24) and (25) into
Eq. (23) yields the recursion,

. 2’Yn)\f)\c . 5
@6)  E (IO~ 01F) < (1= T (12, - 1) + 423575
ns\c
The following identity holds:
B 14 avy, < 1 a

, €=
1+by, ~ 14y, 1+I{b>a}(b—a)m
for all n > 0 and a,b > 0. It follows that ¢ = ua for
1

= € (0, 1].
=TT s att—aym © U
We can use this identity to write:
29 A fAe 1
(27) nlfe <

L aheE T 14 29pAgA

for all n > 0, where p is defined by substitution as follows:

1
w= — — € (0,1].
T4 IE > 200 O F — 2200

Therefore we can write recursion (26) as

1

(28)  E(||h" —0.4%) < T4 2yishe E (/o5

—2
~0.]2) + 4LER A

We can now apply Corollary 2.1 with a,, = éLL(Q))Tchy,ZZ and b, = 29, A fAc.
O



Note. Assuming Lipschitz continuity of the gradient V¢ instead of func-
tion ¢ would not critically alter the main result of Theorem (2.1). In fact,
assuming Lipschitz continuity with constant L of V¢ and boundedness of
E (||[V1og f(Yn; X5, 04)|]?) < 02, as it is typical in the literature, would sim-
ply add a term y2L?E (|64 — 6,]|?) +~20? in the right-hand side of Eq.(23).
In this case the upper-bound is always satisfied for n such that v2L% > 1,
which also highlights a difference of implicit SGD with explicit SGD, as in
explicit SGD the term 72 L?]|607%%, — 6, ||? increases the upper bound and can
make ||658% — 6,||2 diverge. For, 72L% < 1, the discount factor for implicit
SGD would be (1 —~+2L?) "1 (14 2y,uAfA:) !, which could then be bounded

by a quantity (1+~,d)~! for some constant d. This would lead to a solution
that is similar to Theorem (2.1).

Asymptotic analysis. Here, we prove the main result on the asymp-
totic variance of implicit SGD. First, we introduce linear maps Lp {-} defined
as Lp{X} = %(BX + X B), where B is symmetric positive definite matrix
and X is bounded. The identity map is denoted as I and it holds T{X } = X,
for all X. Also, Ly is the null operator for which Ly {X} = 0, for all X. By
the Lyapunov theorem (Lyapunov, 1992) the map Lp is one-to-one and thus
the inverse operator Lgl {-} is well-defined. Furthermore, we define the norm
of a linear map as |[Lp|| = max) x|z ||Lp {X}||. For bounded inputs X, it
holds | /L] = O(||Bl)).

LEMMA 2.4.  Suppose that the sequence {v,} satisfies Assumption 2.1(a).
Consider the matriz recursions

(29) Xn = Lff'yan {Xn—l} + ’Yn(c + Dn))
(30) Yo =Ll g {Xn147(C+ Dp)},
such that

(a) All matrices X, Yy, By, Dy, and C are bounded,
(b) By, — B is positive definite and || By, — Bn—1|| = O(72),
(¢) C is a fized matriz and D,, — 0.

Then, both recursions approximate the matrix }Ll_;l {C} i.e.,
(31) || X»B + BX,, —2C|| = 0 and |Y,,B + BY,, — 2C|| — 0.

If, in addition, B and C commute then X, — B~'C and Y,, — B~'C.
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PROOF. We make the following definitions.

(32) Ty =1—v,By,
(33) P'=Lr,oLr, ,o0---Lp,

where the symbol o denotes successive application of the linear maps, and
P! =1 if n <1, by definition. It follows,

n

(34) 1P| = O(J [ IIT = ~%Bil]) < Koe™ ¥ 2=,

J=1
for suitable constants Ky, K1 (see Polyak and Juditsky, 1992, Appendix,
Part 3). Let I'(n) = K1 Y, ; 7i- By Assumption 2.1(a), I'(n) — oo and thus
P — Lo as n — oo and ¢ is fixed. The matrix recursion in Lemma 2.4
can be rewritten as X,, = Ly, {X,—1} + 7% C + vnDy. Solving the recursion
yields

Xn :]LFn o LFn,1 O - ']LFl {XO} + ’YnC + 'YnDn
+ anflLFn {C} + anflLFn {anl}

+aLr, oLp, ,0---Lp,{C} +ailr, oLy, , o Lr, {D1}
(35) = Pln{XO} + Sn{c} + 5717
where we have defined the linear map S, = >, 7P/ and the matrix

Dy, = >0 viPl{D;}. Since Pl* — Lo, our goal is to prove that S, — L3t
and D, — 0. By definition,

n n
(36) > 7Pl =Lyl + Y P(Lg!, —Ly!) - P'Lg,.

i=1 =2
To see this, first note that v, = (I —T',)B,;! for every n, and thus
(37) Yol =Lj_r, oLy .

Therefore, if we collect the coefficients of the terms }Lgi in the right-hand
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side of (36), we get
n
Lp,+ D F'(Lp_, ~Lp) — ALy
=2

= (Py = PI")Lp, + (P} = PY)Lp, + -+ (Plyy — Pi)Lp,

= PQTL o LI—Fl o Léi + P:? o L[_F2 o LE; + -+ P?’?—‘rl o LI—Fn o Lé}l
= P+ POl +--+ Ply(ml) by Eg (37)]

n
n
= E Yili41s
i=1

where we used the identity P/, — P = P\, o (I —Lr,) = P\, oL;_r,.

7 (] K3
Furthermore, since B; are bounded,

L5, , =Ll = llLg; o (Lp, —Lp, ;) oLg: || = O(||[Lp, — La,_,|I)
= O(HBZ — Bi—lH) = 0(7-2). [By assumption of Lemma 2.4]

7

In addition, || >, PP o (L" | — LH|| < Koe "W 37, e"D0O(+2). Since
5", 0(7?) < 0o and €' is positive, increasing and diverging, we can invoke
Kronecker’s lemma and obtain 7, e"WO(72) = o(e" (™). Therefore

(38) > Pro(Ly | —Ly) — L,
and since Pj* — Lo, we conclude from Equation (37) that

n

. . —1 -1

(39) Jim E 1 Pl = lim Ly =Lg.
1=

Thus, S, — ]L]_Bl, as desired. For D,, we have

n n
Dy =) iPri{Di} =Lg! {Dn} + > Pl o (Ll {Di1} — Ll {Di})
=1 1=2
+ Pl oLy {Di}.

Since ||Dy|| — 0 it follows that HLE;}L {D,}|| — 0 and H(ILI;{1 {Di_1} —
Lgil {D;})|| = O(7?). Recall that P — Ly, and thus D,, — 0. Finally, we
substitute this result in Equation (37) to get X,, — L3'{C}.



PROPERTIES OF ESTIMATORS BASED ON STOCHASTIC GRADIENTS 11

For the second recursion of the lemma,
(40) Y, = L;j%Bn {Yoo1+7(C+ D)},
the proof is similar. First, we make the following definitions.

Iy =1+ v,Bnp,
Q= Llfi o Lljj,l o-- -Lf_l.

3

As before, Q7 — Lg. Solving the recursion (40) yields
(41) Vo= QM{Yo}+S.{C}+ Dy,

where we defined S, = > | %;QF and D, = Yo QI D;}. The following
identities can also be verified by the definition of the linear maps.

(42) Ll o (I—-Lg)) = Yalp),

(43) L Bi]L;n = LD}]L;”.

It holds,

Lp +ZQ" (Lp., —LpH =Ly o @-LiH) +Lpl oLzl o(T—L7Y)+---
— -1 —1y -1 _
=Yl + -1l Ly + = Sy,

where the first line is obtained by Eq. (42) and the second hne by Eq. (43).
Thus, similar to the prev1ously analyzed recursion, S, — L Land D, — 0.
Therefore, Y, — L' {C}.

For both cases, if B,C commute then L3'{C} = X such that BX +
XB = 2C. Setting X = B~!C is a solution since BB~'C + B™'CB =
C + B~!'BC = 2C. By the Lyapunov theorem, this solution is unique. [

COROLLARY 2.2. Consider the matrixz recursions
(44) Xn =Li—,B, {Xn}+ (C + Dy),
(45) Yo =Ll 5 {Ya1+7(C+Dn)},

where By, B,C, Dy, satisfy the assumptions of Lemma 2.4. Moreover, sup-
pose Y, = yin~ L. If the matriz B — I /71 is positive definite, then

(1/vn) Xy — ]LE3 I {C} and (1/v,)Yn — }Lglil/% {C}i.e.,
both matrices (1/v,)Xn and (1/74,)Y, approzimate the matriz ]nglil/w1 {C}.

If, in addition, B and C commute then (1/v,)X, — (B — I/y1)"'C and
(1/771)Yn - (B - 1/71)710
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~ ProoF. Both X,,Y, — 0 by direct application of Lemma (2.4). Let
Xy = (1/vn)X,. First, divide (44) by 7, to obtain

(46) X =Lagum { Xt} 2754 90(C 4 Da).

n

By Assumption 2.1(a), Yn—1/9 = 1 + Yn/71 + O(72). Then,

(47) LI*’Yan {anl} In-1 = LI*'yan {anl} + rVanfl + 0(7721)

n

Therefore, we can rewrite Eq. (46) as

(48) Xp = ]Llf'ynFn {Xn—l} + Vn(c + Dn)’

where 'y, = B, — I/v1 + O(,). In the limit I', — B — I/y; > 0. Fur-
thermore, ||T;_1 — I;|| = O(7?) by assumptions of Corollary 2.2. Thus, we

can apply Lemma 2.4 to conclude that X,, = (1/7,)X, — LEI—I/m{C}'

The proof for Y,, follows the same reasoning since (I + 7, Bn)il(’}’n_1 /) =
(I + L) ™", where Ty = By = I/71 + O (7). 0

THEOREM 2.2. Consider the SGD procedures defined by Eq. (1) and by
Eq. (4) in the main paper, and suppose that Assumptions 2.1(a),(c),(d),(e)
hold, where v =1, and that 21CZ(0,) = I. The asymptotic variance of the
explicit SGD estimator satisfies

nVar (azgd) 42 (20 CI(0,) — 1)~ CZ(0,)C.
The asymptotic variance of the implicit SGD estimator satisfies
nVar (01™) — 4% (271CZ(0,) — 1)~ CZ(6,)C.

PrRoOOF. We begin with the implicit SGD procedure. For notational conve-
nience we make the following definitions: V,, = Var (6), S,,(6) = Vlog f(Y; Xn, 6).
Denote E (S,,(0)) = h(60). Let J}, denote the Jacobian of function h, then, un-
der typical regularity conditions of Assumptions 2.1(d) and by Theorem 2.1:

E (Sn(6x) | Xn) =0
Var (Sn(6,)) = E (Var (Sn(6,) | X)) = Z(65)
Jn(0) = —=Z(0), [under regularity conditions)
h(O3™) = =Z(0,) (05" — 0.) + O(m)  [by Theorem 2.1,
(49) [[Var (Sn(8) — 5a(62)) | < E (1Sn(6) — Sa(62)|12) < L2E (110 — 6,]1%)
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We can now rewrite the definition of implicit SGD as follows,
(50) evizm = Hjmnll + 'YnCnSn(eizm) = H:znll + YA CrSn( iznll)a

where A, is defined in Theorem 3.1 and A\, =1 — O(v,) by Eq. (18). Then,
taking variances on both sides of Eq. (50) yields

(51)
Vio = Vo1 + 92C, Var (S, (02") CF + 4 Cov (0™ 1, S5 (62™) CT + 4, Cr Cov (S (62™), 6™ 1)

»Yn—1

We can simplify all variance/covariance terms in Eq. (51) as follows.

CnVar (Sn(03)) CT = CpVar (Sn(0s) + [Sn(007) — Sn(6,)]) CF

=CZ(0,)CT +0(1), [by Egs. (49), Theorem (2.1), and Assumption 2.1(e)]
Cov (0321, Sn(03")) = Cov (0321, Sn(0321)) + Cov (624, (An = 1)Su(6,21))

= Cov (0p 1, h(0,21)) + O(7n)

= Vpo1Z(0x) + O(vn).  [by Eq. (49), Theorem (2.1), Eq. (18)].

Similarly, Cov (h(62),0:™ ) = V,_1Z(6x) + O(vs). We can now rewrite
Eq. (51) as

(52) Vo = Li—y,5, {Va—1} + 1[CZ(0.)CT + o(1)],

where B, = 2C,Z(0,) and B, — 2CZ(6,). Corollary 2.2 on recursion (52)
yields the following closed-form, since B and C commute and C'is symmetric:

(1/n) Vo = 7% 21 CL(0,) — 1)~ CZ(6,)C.

The regularity conditions (49) and the convergence rates of Theorem 2.1
that are crucial for this proof also hold for the explicit procedure. O

THEOREM 2.3. Consider the SGD procedure defined in Eq. (1) in the
main paper, and suppose Assumptions 2.1(a),(c),(d), and (e) hold, where
v € 10.5,1). Then, the iterate 0™ converges to 0, in probability and is asymp-
totically efficient, i.e.,

nVar (@) — Z(6,)" %
PrOOF. By Theorem 2.1 and Assumptions 2.1 (c), (d), we have

(53) Vlog f(Yn; Xn, ™) = Vlog f(Yn; Xn, 0x) — Z(0,) (0™ — 0,) + O(7y).
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Define, for convenience &, = Vlog f(Yy; Xy, 6x), F = Z(0,). Then, the first-
order implicit SGD iteration becomes

(54) O = 0 = (I + 7 F) " 0021 — b+ e + O(77)).
We make the following definitions.

ei = %I +7F) e + O(7)),
B = [T +wF)™,
k—j

(55) H B]+1 =1+ BJ+ + B]+1 +. Bgn+11-
k=n—1

Then, we can solve the recursion for 6™ — 6, to obtain

(56) oim — 0, = (1/n)Dy (0™ — 0,) + (1/n) Z Dle;.

Our proof is now split into proving the following two lemmas.
LeEMMA 2.5.  Under Assumption 2.1(a) Di = o(n).

PROOF. Matrix F is positive definite by Assumption 2.1(d). Thus, if X is
some eigenvalue of I then the corresponding eigenvalue of Df is 1+ ﬁ +

1+£ﬂ/\ Ty T < Soioexp(—KAY L, V), where the last inequality is

obtained by Lemma 2.1. Because ) 7; — oo, the summands are o(1), and
thus D{ is o(n). O

LEMMA 2.6.  Suppose Assumption 2.1(a) and Eq. (53) hold. Then,
(57) WD+ F) T =0 + P
such that Y77 QF = o(n).

PrOOF. Our goal will be to compare the eigenvalues of ;D' and F.
Any matrix D] shares the same eigenvectors with F' because F' is positive
definite, and thus a relationship on eigenvalues will automatlcally estabhsh
a relationship on the matrlces For convenience, define qz el +yA) 7t
for A > 0; by convention, ¢! ; = 1. Also let .S’] = :Z vt be the function
of partial sums. By Lemma 2.1 qz O(exp(— K/\sz)), for some K > 0. For
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an eigenvalue A\ > 0 of I’ the corresponding eigenvalue, say )\, of matrix
DI+~ F)~t is equal to

r_ j i+1 -1
(58) A —1+%/\(q§+1+q§+1+...+q§‘+1).
Thus,
(59) (147 Z Vidhi1-

Our goal will be to derive the relationship between A and \. By definition

%‘+1)\QEH + q;ﬂ =1

+ qz+2 _ i+l

Yira g 1T+ 61T = g
Tn—2 AL + qz+1 = qf+13
(60) oA+ g = 4
By summing over the terms we obtain:
n—1
(61) A waig L =1
k=i+1
If we combine with (58) we obtain
(62) A Z 71q1+1 + A Z 7% q’L+1 + q1+1 1+ 72)‘ or
n—1
(63) L+ %A+ XD (e = )i + aint =1+
k=i

We now focus on the second term. By telescoping the series we obtain

n—1 n—1 k
k
A =i =AY D (i =) | @i = AZ Z’yg o(v) | @
k=1 k=i | j=t
n—1
(64) < o(v) Y shaf = qf

k=i
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In Eq. (64) we used (3541 = 7)/75 = O™ 7")/n 7 = O(n™") = o(y;),

by Assumption 2.1(a). Our goal is now to show > " ¢" = o(n). Since
qzk+1 = O(exp(—K)\sfH)) by (Polyak and Juditsky, 1992, p845, see A6 and
A7) we obtain that ¢/ — 0 for fixed ¢ as n — oco. Therefore we can rewrite
Eq. (62) as

(65) NX+q' 4+ 0(giy) =1,
where 37 ¢ 1 = o(n) and Y./ ¢ = o(n). O

Our proof is now complete. By Eq. (56) and Lemmas 2.5 and 2.6 we have
fim _ g, = F~ 1251 (1/n)o

Because Var (g;) = Z(0,), we finally obtain
nVar (@ - 9*> —7(6,)",
O

THEOREM 2.4.  Suppose that Assumptions 2.1(a),(c),(d),(e),(f) hold. Then,
the iterate 0™ of implicit SGD, defined by Eq. (4) in the main paper, is
asymptotically normal, such that

n2(0M — 0,) — N, (0, %),
where ¥ = ~2 (21 CZ(0,) — I) " CZ(6,)C.

PROOF. Let S, (0) = Vlog f(Yy; X, 0) as in the proof of Theorem (2.2).
The conditions for Fabian’s theorem—see Fabian (1968, Theorem 1)—hold
also for the implicit procedure. The goal is to show that

(66) O = 0x = (I = 3 An) (0321 = 0.) + 1&n(02) + O(17),

where 4,, = A = 0, and &,(0) = S,(0) — h(#), and h(0) = E (S,(0)); note,
£,(0%) = Sn(6y). Indeed, by a Taylor expansion on S, (6™) and considering
that 0 = 9im | + ~,, S, (0IM), by definition, we have

(67) (I + 70 Zu(0:)) (65" = 0.) = 6321 — b + 70 Sn(6),
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where Z,(6,) = —V25,,(6,); note, E (fn(e*)) = 7(0,). Because (I+7,Z,(6,)) " =
I — L, (6,) + O(72), we can rewrite Eq. (67) as
(68) 00" — 0, = (I = 1Zn(02)) (00" 1 — 04) + 1Sn(60x) + O(77)-

We can now apply Fabian’s Theorem to derive asymptotic normality of ™.
The variance matrix of the asymptotic normal distribution is derived in
Theorem 2.4 under weaker conditions. O

Stability. Here, we prove Lemma (2.1) in the main paper.

LEmMMA 2.1, Let Ar = maxeig(Z(0,)), and suppose v, = m1/n and
71y > 1. Then, the mazimum eigenvalue of P* satisfies

max max cig(P{') = 021N /1/yAf).

For the implicit method,

max max eig(Q7) = O(1).

Proor. We will use the following intermediate result:

i 1-b ifo<b<1
rnax|H(1—b/i)] Ry o .
n>0 ' ifb>1
i=1 V2rb
The first case is obvious. For the second case, b > 1, assume without loss of
generality that b is an even integer. Then the maximum is given by

(69) (b= 1)(b/2—1)(B/3—1)---(2— 1) = ;(;2) _ 0(2"/va2rb),

where the last approximation follows from Stirling’s formula. The stability
result on the explicit SGD updates of Lemma 2.1 follows immediately by
using the largest eigenvalue A; of Z(6,). For the implicit SGD updates, we
note that the eigenvalues of (I +~,Z(0,)) ! are less than one, for any 7, > 0
and any Fisher matrix. O

Applications.

THEOREM 3.1.  Suppose Assumption 2.1(b) holds, then the gradient of
the log-likelihood is a scaled version of covariate X, i.e., for every 8 € RP
there is a scalar A € R such that

Vieg f(YV; X,0) = \X.



18

Thus, the gradient in the implicit update in Eq. (4) (in the main paper) is
a scaled version of the gradient calculated at the previous iterate, i.e.,

(70) Vlog f(Yn; X, 057) = AV 10g f(Yo; X, 037 1),
where the scalar X\, satisfies
(T1) Al (XT3 Yn) = € (XTOM ) + vl (XTOM 1Y) XTCR X3 Yy)

PROOF. From the chain rule Vlog f(Y,; X,,0) = ¢(X}0;Y,)X,, and
thus VIogf(Yn;Xmem = (X0 Y,) X, and Vlog f(Yy; Xy, 000 ) =
¢ (X}0m 1 Y,) X, and thus the two gradients are colinear. Therefore there
exists a scalar \,, such that

Vlog f(Yn; Xn,G;Im)— Vlogf(Yn,Xn, t.) or
(72) 4 (XTGIm Yo) X0 = A\l (X Yo)Xn.

n’n nnlﬂ

We also have,

Qilm = 9;}“11 + Y Chplog f(Yy; X, Qilm) [by definition of implicit SGD in Eq. (4))
(73)
=000 + A Cnlog f(Ya; X0, 0021).  [by Bq. (72)]

Substituting the expression for #™ in Eq.(73) into Eq. (72) we obtain the
desired result of the Theorem in Eq. (70).

We now prove the last claim of the theorem regarding the search bounds
for \,. For notational convenience, define a = X0, g(z) = ¢'(2;Yy),
and ¢ = X)C,X,, where ¢ > 0 because C,, are positive definite. Also let
Ty = YnAng(a), then the fixed-point equation (71) can be written as

(74) Ty = g(a+ zic).

where g is decreasing by Assumption (b). If g(a) = 0 then z, = 0. If g(a) > 0
then z, > 0 and v,g(a + z¢) < Ypg(a) for all x > 0, since g(a + xc) is
decreasing; taking = = x, yields v,9(a) > yng(a + z4c) = x4, by the fixed-
point equation (74). Thus, 0 < z, < Y,g¢(a). Similarly, if g(a) < 0 then
Zx < 0 and ypg(a+zc) > ypg(a) for all x < 0, since g(a + zc) is decreasing;
taking x = z, yields v,9(a) < vhg(a+x.c) = x4, by the fixed-point equation.
Thus, v,9(a) < x, < 0. In both cases 0 < A\, < 1. A visual proof is given

Figure 1.
O

3. Additional experiments.
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(b)

¥, 9(a)>0

v, (@) :

F1G 1. (Search bounds for solution of Eq. (74)) Case g(a) > 0: Corresponds to Curve (a)
defined as yng(a + zc),c > 0. The solution . of fized point equation (74) (corresponding
to right triangle) is between 0 and yng(a) since Curve (a) is decreasing. Case g(a) < 0:
Corresponds to Curve (b) also defined as Yng(a + xc). The solution x. of fized point
equation (74) (left triangle) is between yng(a) and 0 since Curve (b) is also decreasing.

Normality experiments with implicit SGD. In Figure 2 we plot the ex-
perimental results of Section 4.1.2 for p = 50 (parameter dimension). We
see that explicit SGD becomes even more unstable in more dimensions as
expected. In contrast, implicit SGD remains stable and validates the theo-
retical normal distribution for small learning rates. In larger learning rates
we observe a divergence from the asymptotic chi-squared distribution (e.g.,
~v1 = 6) because when the learning rate parameter is large there is more noise
in the stochastic approximations, and thus more iterations are required for
convergence. In this experiment we fixed the number of iterations for each
value of the learning rate, but subsequent experiments verified that implicit
SGD reaches the theoretical chi-squared distribution if the number of itera-
tions is increased. Finally, in Figure 3 we make a similar plot for a logistic
regression model. In this case the learning rates need to be larger because
with the same distribution of covariates for X,, the Fisher information is
smaller than in the linear normal model. In summary, in almost all exper-
iments explicit SGD was unstable and could not converge whereas implicit
SGD was stable and followed the theoretical chi-squared distribution.
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S0

w type

A explicit sgd
implicit sgd
A @ true—chisq

[ i 1 1 [
0 50 100 150 0 50 100 150

Samples of (6,-6.)'T }(6,-6.)

Fic 2. Simulation with normal model for p = 50 parameters. Implicit SGD is stable
and follows the nominal chi-squared distribution well, regardless of the particular learn-
ing rate. Explicit SGD becomes unstable at larger 1 and its distribution does not follow
the theoretical distribution chi-squared distribution well. In particular, the distribution of
N(G?\,gd — 0*)7271(0?5‘j —0,) quickly becomes unstable for larger values of the learning rate
parameter, and eventually diverges when v1 > 3.

Poisson regression. Here, we illustrate our method on a bivariate Poisson
model which is simple enough to derive the variance formula analytically.
This example was first presented by Toulis et al. (2014). We assume binary
features such that, for any iteration n, X, is either (0,0)7, (1,0)T or (0,1)T
with probabilities 0.6, 0.2 and 0.2 respectively. We set 0, = (61, 62)T for some
61,0, and assume Y,, ~ Poisson(exp(Xn6,)), where the transfer function h
is the exponential, i.e., h(z) = exp(z). It follows,

01

e 0

Z(6,) = E (W(X]0,) X X]) = 0.2 ( 0 o ) :

We set v, = 10/3n and C,, = I. Setting 6; = log2 and 6, = log4, the
asymptotic variance ¥ in Theorem (2.2) is equal to

ef1
2 ( @@ 0 08 0
as  woif @ o )= )
3 0 (4/3);)271 0 0.62
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explicit implicit
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@ 0.10- implicit sgd
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0.00 -
0.15-
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Fic 3. Simulation with logistic regression model for p = 5. Learning rates are larger than
in the linear normal model to ensure the asymptotic covariance matriz of Theorem (2.2)
is positive definite. Implicit SGD is stable and follows the nominal chi-squared distribution
regardless of the learning rate. Explicit SGD is unstable at virtually all replications of this
experiment.

Next, we obtain 100 independent samples of 0584 and oI for n = 20000 iter-
ations of procedures in Eq. (4) and in Eq. (4), and compute their empirical
variances. We observe that the implicit estimates are particularly stable and
have an empirical variance satisfying

—— imy _ [ 0.86 —0.06
(1/n)Var(6,") = < —0.06 0.64 >

and that is close to the theoretical value in Eq. (75). In contrast, the stan-
dard SGD estimates are unstable and their Ly distance to the true values 6,
are orders of magnitude larger than the implicit ones (see Table 1 for sample
quantiles). By Lemma 2.1 in the main paper, such deviations are expected
for standard SGD because the largest eigenvalue of Z(f,) is A(g) = 0.8 sat-
isfying y1A(2) = 8/3 > 1. Note that it is fairly straightforward to stabilize
the standard SGD procedure in this problem, for example by modifying the
learning rate sequence to 7, = min{0.15,10/3n}. In general, when the opti-
mization problem is well-understood, it is easy to determine the learning rate
schedule that avoids out-of-bound explicit updates. In practice, however, we
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TABLE 1
Quantiles of ||058% — 0, || and ||6™ — 6,||. Values larger than 1e3 are marked “*”.

QUANTILES
METHOD | 25% 50% 75% 85% 95% 100%
SGD 0.01 1.3 435.8 * * *

ImpLICIT | 0.00 0.01 0.02 0.02 0.03 0.04

are working with problems that are not so well-understood and determin-
ing the correct learning rate parameters may take substantial effort. The
implicit method eliminates this overhead.

Experiments with glmnet. In this section, we transform the outcomes
in the original experiment Y through the logistic transformation and then
fit a logistic regression model. The results are shown in Table 2, which
replicates and expands on Table 2 of Friedman et al. (2010). The implicit
SGD method maintains a stable running time over different correlations and
scales sub-linearly in the model size p. In contrast, glmnet is affected by the
model size p and covariate correlation, and remains 2x-10x slower across
experiments. We note that the implicit SGD method is slower in the logistic
regression example compared to the normal case (Table 3 in main paper).
This is because the implicit equation of Algorithm 1 (in the main paper)
needs to be solved numerically, whereas a closed-form solution is available
in the normal case.

Ezxperiments with machine learning algorithms. In this section we per-
form additional experiments with related methods from the machine learning
literature. We focus on averaged implicit SGD defined in Eq. (14) of the main
paper, which was shown to be optimal under suitable conditions, because
most machine learning methods are also designed to achieve optimality in
the context of maximum-likelihood (or maximum a-posteriori) computation
with a finite data set. In summary, our experiments include the following
procedures:

e Explicit SGD procedure in Eq. (1) of the main paper.

e Implicit SGD procedure in Eq. (4) of the main paper.

e Averaged explicit SGD: Averaged stochastic gradient descent with ex-
plicit updates of the iterates (Xu, 2011; Shamir and Zhang, 2012; Bach
and Moulines, 2013). This is equivalent to the procedure in Eq.(14) of
the main paper, where the implicit update is replaced by an explicit
one, gsed = ngfl + v Viog f(Yn; X, Gfidl).
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TABLE 2

Ezxperiments comparing implicit SGD with glmnet. Covariates X are sampled as normal,
with cross-correlation p, and the outcomes are sampled as y ~ Binom(p),
logit(p) = N (X0x,02I). Running times (in secs) are reported for different values of p

METHOD

GLMNET

SGD

GLMNET

SGD

GLMNET

SGD

averaged over 10 repetitions.

METRIC

TIME (SECS)
MSE

TIME(SECS)
MSE

CORRELATION (p)

0 0.2 0.6 0.9
N =1000,p = 10
0.02  0.02 0.026 0.051
0.256 0.257 0.292 0.358
0.058 0.058 0.059 0.062
0.214 0.215 0.237  0.27
N =5000,p = 50
0.182 0.193 0.279  0.579
0.131 0.139 0.152 0.196
0.280 0.2890 0.296  0.31
0.109 0.108 0.116 0.14
N = 100000, p = 200
8.129 8.524 9.921 22.042
0.06 0.061 0.07 0.099
5.455 5.458 5.437  5.481
0.045 0.046 0.048 0.058

e Prox-SVRG: A proximal version of the stochastic gradient descent
with progressive variance reduction (SVRG) method (Xiao and Zhang,

2014).

e Prox-SAG: A proximal version of the stochastic average gradient (SAG)
method (Schmidt et al., 2013). While its theory has not been formally
established, Prox-SAG has shown similar convergence properties to

Prox-SVRG.!

e Adagrad (Duchi et al., 2011) as defined in Eq. (12). We note that
AdaGrad and similar adaptive methods effectively approximate the
natural gradient by using a larger-dimensional learning rate. It has
the added advantage of being less sensitive than first-order methods

'We note that the linear convergence rates for Prox-SVRG and Prox-SAG refer to
convergence to the empirical minimizer (e.g., MLE), and not to ground truth 6,.
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TABLE 3
Summary of data sets and the Lo regularization parameter \ used
description type features | training set [ test set | A
covtype | forest cover type sparse | 54 464,809 116,203 | 10°°
delta synthetic data dense | 500 450,000 50,000 1072
rcvl text data sparse | 47,152 781,265 23,149 105
mnist digit image features | dense | 784 60,000 10,000 1073

to tuning of hyperparameters.

We test the performance of averaged implicit SGD on standard bench-
marks of large-scale linear classification with real data sets against the afore-
mentioned methods. Some of these test comparisons were recently published
by Toulis et al. (2016). Our datasets are summarized in Table 3. The COV-
TYPE data (Blackard, 1998) consists of forest cover types in which the task
is to classify class 2 among 7 forest cover types. DELTA is synthetic data
offered in the PASCAL Large Scale Challenge (Sonnenburg et al., 2008)
and we apply the default processing offered by the challenge organizers. The
task in RCV1 is to classify documents belonging to class CCAT in the text
dataset (Lewis et al., 2004), where we apply the standard preprocessing
provided by Bottou (2012). In the MNIST data set (Le Cun et al., 1998) of
images of handwritten digits, the task is to classify digit 9 against all others.

For averaged implicit SGD and averaged explicit SGD, we use the learning
rate v, = 10(1 + Aon)~%/* prescribed in Xu (2011), where the constant ng
is determined using a small subset of the data. Hyperparameters for other
methods are set based on a computationally intensive grid search over the
entire hyperparameter space: for Prox-SVRG, this includes the step size
in the proximal update and the inner iteration count m, and for Prox-SAG,
the same step size 7.

The results are shown in Figure 4. We see that averaged implicit SGD
achieves comparable performance with the tuned proximal methods Prox-
SVRG and Prox-SAG, as well as AdaGrad. All methods have a comparable
convergence rate and take roughly a single pass in order to converge. Ada-
Grad exhibits a larger variance in its estimate than the proximal methods,
which can be explained from our theoretical results in Section 2.2.1. We also
note that as averaged implicit SGD achieves comparable results to the other
proximal methods, it also requires no tuning while Prox-SVRG and Prox-
SAG do require careful tuning of their hyparameters. This was confirmed
from separate sensitivity analyses (not reported in this paper), which indi-
cated that aisgd is robust to fine-tuning of hyperparameters in the learning
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covtype test error delta test error
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Fi1G 4. Large scale linear classification with log loss on four data sets. Each plot indicates
the test error of various stochastic gradient methods over a single pass of the data.

rate, whereas small perturbations of hyperparameters in averaged explicit
SGD (the learning rate), Prox-SVRG (proximal step size 7 and iteration m),
and Prox-SAG (proximal step size 1), can lead to arbitrarily bad error rates.

Averaged explicit SGD. In this experiment we validate the theory of
statistical efficiency and stability of averaged implicit SGD. To do so, we
follow a simple normal linear regression example from Bach and Moulines
(2013). We set N = le6 as the number of observations, and p = 20 be
the number of covariates. We also set 8, = (0,0,...,0)T € R? as the
true parameter value. The random variables X,, are distributed i.i.d. as
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-2

Log excess risk

— AI-SGD, 2/R? N
- AI-SGD, 1/R? \

— ASGD, 2/R?

-1 ---- ASGD, 1/R?

—— Implicit-SGD, 2/R?
- Implicit-SGD, 1/R?

T T T T T T T

0 1 2 3 4 5 6

-5

log N

Fi1c 5. Loss of averaged implicit SGD, averaged explicit SGD, and plain implicit SGD in
Eq. (4) (Cy, = I), on simulated multivariate normal data with N = 1e6 observations p = 20
features. The plot shows that averaged implicit SGD is stable regardless of the specification
of the learning rate v and without sacrificing performance. In contrast, explicit averaged
SGD is very sensitive to misspecification of the learning rate.

X, ~ N,(0,H), where H is a randomly generated symmetric matrix with
eigenvalues 1/k, for k = 1,...,p. The outcome Y,, is sampled from a nor-
mal distribution as Y;, | X, ~ N (X104, 1), for n = 1,..., N. We choose a
constant learning rate -, = v according to the average radius of the data
R? = trace(H), and for both averaged explicit and implicit SGD we collect
iterates 6, for n = 1,..., N, and keep the average 6,,. In Figure 5, we plot
(0, — 0,)TH(0,, — 0,) for each iteration for a maximum of N iterations, i.e.,
a full pass over the data, in log-log space.

Figure 5 shows that averaged implicit SGD performs on par with aver-
aged explicit SGD for the rates at which averaged explicit SGD is known
to be optimal. Thus, averaged implicit SGD is also optimal. However, the
benefit of the implicit procedure in averaged implicit SGD becomes clear as
the learning rate deviates; notably, averaged implicit SGD remains stable
for learning rates that are above the theoretical threshold, i.e., v > 1/R?,
whereas averaged explicit SGD diverges in the case of v = 2/R2. This stable
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behavior is also exhibited in implicit SGD, but it converges at a slower rate
than averaged implicit SGD, and thus cannot effectively combine stability
with statistical efficiency. We note that stability of averaged implicit SGD
is also observed in the same experiments using decaying learning rates.
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